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The purpose of the paper is to give some sequences that converge quickly to a generalized
Euler constant, i.e. the limit of the sequence
1
as
+ 1
(a+ 1)s + · · · +
1
(a+ n− 1)s −
1
1− s

(a+ n− 1)1−s − a1−s
n∈N
,
where a ∈ (0,+∞) and s ∈ (0, 1).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We consider the sequence (In)n∈N defined by In = 1 + 1√2 + · · · + 1√n − 2(
√
n − 1), for each n ∈ N, and we have
I = limn→∞ In = 0.539645491 . . . (see, for example, [1, p. 32], [2]).
Ioachimescu proposed in 1895 a problem [3] in which the sequence (In−2)n∈N appears, and this is the reason why I has
been called Ioachimescu’s constant. Ramanujan has been also interested in constant I and, using our notation, we present
the following result that he gave in [4], [5, pp. 48, 49]:
I = 2− (√2+ 1)

1− 1√
2
+ 1√
3
− 1√
4
+ · · ·

.
Let a ∈ (0,+∞) and s ∈ (0, 1). We consider the sequence (yn(a; s))n∈N defined by
yn(a; s) = 1as +
1
(a+ 1)s + · · · +
1
(a+ n− 1)s −
1
1− s ((a+ n− 1)
1−s − a1−s),
for each n ∈ N. The sequence (yn(a; s))n∈N is convergent (see [6, problem 92, pp. 31, 32], [7]) and its limit, denoted by I(a; s),
is a generalized Euler constant (see [1, p. 32], [8, pp. 117, 118], [9, p. 295]). Clearly, I

1; 12
 = I. We have proved in [7] that
lim
n→∞ n
s(yn(a; s)− I(a; s)) = 12 ,
i.e. the sequence (yn(a; s))n∈N converges to I(a; s)with order s.
Numerous results regarding I(a; s), including sequences with higher rate of convergence to I(a; s), we have obtained
in [6, pp. 27–33], [2,7,10–14]. See also [15] (feedback on [10]).
Generalized-Euler-constant functions have been also studied, for example, by Sondow and Hadjicostas [16], and
Lampret [17].
In Section 2 we give new sequences that converge quickly to the above-mentioned generalized Euler constant,
i.e. sequences that converge to I(a; s)with order s+ 2r + 1, r ∈ {1, 2, 3, 4, 5, 6, 7}.
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2. Sequences that converge to I(a; s)
Let t ∈ R andm ∈ N. We shall use the notation
(t)0 := 1, (t)m := t(t + 1) · · · (t +m− 1),
known as Pochhammer’s symbol.
Theorem 2.1. Let a ∈ (0,+∞), s ∈ (0, 1) and
c2(s) = − (s)1(7s
2 + 6s+ 4)
1440
,
c3(s) = (s)2(−23s
3 + 108s2 + 312s+ 288)
362880
.
We specify that I(a; s) is the limit of the sequence (yn(a; s))n∈N from the Introduction.
(i) We consider the sequence (αn(a; s))n≥2 defined by
αn(a; s) = 1as +
1
(a+ 1)s + · · · +
1
(a+ n− 1)s −
1
2(a+ n− 1)s
− 1
1− s

a+ n− 1− s
12(a+ n− 1)
1−s
− a1−s

,
for each n ∈ N \ {1}. Then
lim
n→∞ n
s+3(αn(a; s)− I(a; s)) = −c2(s).
(ii) We consider the sequence (βn(a; s))n≥2 defined by
βn(a; s) = αn(a; s)+ c2(s)
(a+ n− 1)s+3 ,
for each n ∈ N \ {1}. Then
lim
n→∞ n
s+5(I(a; s)− βn(a; s)) = c3(s).
Proof. (i) We have
αn(a; s)− αn+1(a; s) = − 12(a+ n− 1)s −
1
2(a+ n)s
− 1
1− s

a+ n− 1− s
12(a+ n− 1)
1−s
+ 1
1− s

a+ n− s
12(a+ n)
1−s
,
for each n ∈ N\{1}. Set εn := 1a+n , for each n ∈ N\{1}. Since εn ∈ (−1, 1),−εn− s12 · ε
2
n
1−εn ∈ (−1, 1) and− s12 ε2n ∈ (−1, 1),
for each n ∈ N \ {1}, using the Binomial Theorem [9, p. 209] we obtain
αn(a; s)− αn+1(a; s) = −12 ε
s
n(1− εn)−s −
1
2
εsn
− 1
1− s ε
−(1−s)
n

1− εn − s12 ·
ε2n
1− εn
1−s
+ 1
1− s ε
−(1−s)
n

1− s
12
ε2n
1−s
= −1
2
εsn
∞
k=0
(s)k
k! ε
k
n −
1
2
εsn −
1
1− s ε
−(1−s)
n

1−
∞
k=1
(1− s)(s)k−1
k! ε
k
n

1+ s
12
· εn
1− εn
k
+ 1
1− s ε
−(1−s)
n

1−
∞
k=1
(1− s)(s)k−1
k! ·
sk
12k
ε2kn

,
for each n ∈ N \ {1}. Having in view that 1+ s12 · εn1−εn = 1+ s12
∞
k=1 εkn, it follows that
αn(a; s)− αn+1(a; s) = s(s+ 3)(7s
2 + 6s+ 4)
1440
εs+4n +
s(s+ 3)(s+ 4)(7s2 + 6s+ 4)
2880
εs+5n + · · · ,
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for each n ∈ N \ {1}. Using also the Binomial Theorem [9, p. 209] we obtain
1
ns+3
− 1
(n+ 1)s+3 =
1
ns+3

1−

1+ 1
n
−s−3
= s+ 3
ns+4
− (s+ 3)(s+ 4)
2ns+5
+ · · · ,
for each n ∈ N \ {1}.
Now, according to the Stolz–Cesaro Theorem for case 00 , we get
lim
n→∞ n
s+3(αn(a; s)− I(a; s)) = lim
n→∞
αn(a; s)− I(a; s)
1
ns+3
= lim
n→∞
αn+1(a; s)− I(a; s)− (αn(a; s)− I(a; s))
1
(n+1)s+3 − 1ns+3
= lim
n→∞
αn(a; s)− αn+1(a; s)
1
ns+3 − 1(n+1)s+3
= lim
n→∞
s(s+3)(7s2+6s+4)
1440 ε
s+4
n + O

εs+5n

s+3
ns+4 + O

1
ns+5

= −c2(s).
(ii) We are able to write that
βn+1(a; s)− βn(a; s) = αn+1(a; s)− αn(a; s)− s(7s
2 + 6s+ 4)
1440(a+ n)s+3 +
s(7s2 + 6s+ 4)
1440(a+ n− 1)s+3
= − s(s+ 3)(7s
2 + 6s+ 4)
1440
εs+4n −
s(s+ 3)(s+ 4)(7s2 + 6s+ 4)
2880
εs+5n
− s(s+ 5)(317s
4 + 2225s3 + 5040s2 + 3600s+ 1728)
362880
εs+6n
− s(s+ 5)(s+ 6)(17s
4 + 107s3 + 231s2 + 150s+ 72)
72576
εs+7n − · · ·
− s(7s
2 + 6s+ 4)
1440
εs+3n +
s(7s2 + 6s+ 4)
1440
εs+3n (1− εn)−s−3,
for each n ∈ N \ {1}. Having in view that
(1− εn)−s−3 = 1+ s+ 31! εn +
(s+ 3)(s+ 4)
2! ε
2
n +
(s+ 3)(s+ 4)(s+ 5)
3! ε
3
n
+ (s+ 3)(s+ 4)(s+ 5)(s+ 6)
4! ε
4
n + · · · ,
it follows that
βn+1(a; s)− βn(a; s) = (s)2(s+ 5)(−23s
3 + 108s2 + 312s+ 288)
362880
εs+6n
+ (s)2(s+ 5)(s+ 6)(−23s
3 + 108s2 + 312s+ 288)
725760
εs+7n + · · · ,
for each n ∈ N \ {1}. Using the Binomial Theorem [9, p. 209] we obtain
1
ns+5
− 1
(n+ 1)s+5 =
1
ns+5

1−

1+ 1
n
−s−5
= s+ 5
ns+6
− (s+ 5)(s+ 6)
2ns+7
+ · · · ,
for each n ∈ N \ {1}.
Now, according to the Stolz–Cesaro Theorem for case 00 , we get
lim
n→∞ n
s+5(I(a; s)− βn(a; s)) = lim
n→∞
I(a; s)− βn(a; s)
1
ns+5
= lim
n→∞
I(a; s)− βn+1(a; s)− (I(a; s)− βn(a; s))
1
(n+1)s+5 − 1ns+5
= lim
n→∞
βn+1(a; s)− βn(a; s)
1
ns+5 − 1(n+1)s+5
= lim
n→∞
(s)2(s+5)(−23s3+108s2+312s+288)
362880 ε
s+6
n + O

εs+7n

s+5
ns+6 + O

1
ns+7
 = c3(s). 
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Let s ∈ (0, 1) and
c4(s) = − (s)387091200 (247s
4 + 1296s3 + 8568s2 + 24624s+ 25920),
c5(s) = (s)42299207680 (−29s
5 + 1440s4 + 17040s3 + 99360s2 + 285312s+ 322560),
c6(s) = − (s)5376610217984000 (374183s
6 + 8955360s5 + 166171680s4 + 1626890400s3
+ 8860632192s2 + 25445162880s+ 30090009600),
c7(s) = (s)6129123503308800 (1013s
7 + 108864s6 + 2915136s5 + 43001280s4
+ 377298432s3 + 1968696576s2 + 5655204864s+ 6897623040),
c8(s) = − (s)736877672544993280000 (14627477s
8 + 1050029568s7 + 38326079232s6
+ 793822353408s5 + 10203399819648s4 + 83329296486912s3
+ 422202438885888s2 + 1213208362985472s+ 1513554620497920).
In the same manner as in the proof of Theorem 2.1, considering the sequence in each of the following parts, we get the
indicated limit:
δn(a; s) = βn(a; s)+ c3(s)
(a+ n− 1)s+5 , n ∈ N \ {1}, limn→∞ n
s+7(δn(a; s)− I(a; s)) = −c4(s);
ηn(a; s) = δn(a; s)+ c4(s)
(a+ n− 1)s+7 , n ∈ N \ {1}, limn→∞ n
s+9(I(a; s)− ηn(a; s)) = c5(s);
θn(a; s) = ηn(a; s)+ c5(s)
(a+ n− 1)s+9 , n ∈ N \ {1}, limn→∞ n
s+11(θn(a; s)− I(a; s)) = −c6(s);
λn(a; s) = θn(a; s)+ c6(s)
(a+ n− 1)s+11 , n ∈ N \ {1}, limn→∞ n
s+13(I(a; s)− λn(a; s)) = c7(s);
µn(a; s) = λn(a; s)+ c7(s)
(a+ n− 1)s+13 , n ∈ N \ {1}, limn→∞ n
s+15(µn(a; s)− I(a; s)) = −c8(s).
We remark the pattern in forming the sequences from Theorem 2.1 and those mentioned above. For example, the general
term of the sequence (µn(a; s))n≥2 can be written in the form
µn(a; s) = 1as +
1
(a+ 1)s + · · · +
1
(a+ n− 1)s −
1
2(a+ n− 1)s
− 1
1− s

a+ n− 1− B2
2! ·
(s)1
a+ n− 1
1−s
− a1−s

+
7
k=2
ck(s)
(a+ n− 1)s+2k−1 ,
with
ck(s) = B2k
(2k)! (s)2k−1 −
1
k!

B2
2! (s)1
k
(s)k−1,
where B2k is the Bernoulli number of index 2k. We mention that for s = 12 we get results which we have obtained in [13].
See [18] for related results regarding Euler’s constant.
For Ioachimescu’s constant I

1; 12
 = 0.539645491 . . . (see [2]), we obtain, for example:
α2

1; 1
2

= 0.5398962212 . . . ; α3

1; 1
2

= 0.5397083568 . . . ;
β2

1; 1
2

= 0.5396276802 . . . ; β3

1; 1
2

= 0.5396433901 . . . ;
δ2

1; 1
2

= 0.5396490596 . . . ; δ3

1; 1
2

= 0.5396456888 . . . ;
η2

1; 1
2

= 0.5396442367 . . . ; η3

1; 1
2

= 0.5396454584 . . . ;
θ2

1; 1
2

= 0.5396461772 . . . ; θ3

1; 1
2

= 0.5396454996 . . . ;
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λ2

1; 1
2

= 0.5396449523 . . . ; λ3

1; 1
2

= 0.5396454880 . . . ;
µ2

1; 1
2

= 0.5396460671 . . . ; µ3

1; 1
2

= 0.5396454927 . . . .
As can be seen, η3

1; 12

, θ3

1; 12

, λ3

1; 12

andµ3

1; 12

are accurate to seven or eight decimal places in approximating
I

1; 12

.
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